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It is shown that with counter-propagating laser beams of identical circular polarisation, symmetry-preserving transitions in 
icosahedral molecules produce totally Doppler-free lines in two-photon and four-photon absorption spectra. In the four-photon 
case, this feature cannot occur for molecules of any other symmetry, and therefore characterises an icosahedral species, 
1. Introduction 
Until recently the chemical physics of icosahedral 
species was a matter of largely academic interest, 
since only the borohydride anion Blz H:T was known 
to have this structure. However, with the synthesis 
[ 1 ] of dodecahedrane, C20H20, and the character- 
isation [ 2 ] of Buckminsterfiillerene, Cbo, there is now 
a new significance to the study of icosahedral com- 
pounds in the gas phase. In the more widely studied 
case of C6,,, there are two possible structures [ 3 1, but 
icosahedral symmetry has been positively confirmed 
by the study of various spectroscopic properties (see 
for example refs. [ 4-71); and also by recent X-ray 
cyrstallographic measurements [ 8 1. Alongside the 
experimental work, there has been renewed theoret- 
ical interest in the electronic, vibrational, and rota- 
tional states of such compounds [ 9-231. 
It is the purpose of this paper to draw attention to 
a novel feature predicted by theory in the multipho- 
ton spectroscopy of such species. Doppler-free mul- 
tiphoton absorption spectroscopy is based on a first- 
order cancellation of Doppler frequency shifts. This 
is accomplished by arranging that the wave-vectors 
of the absorbed photons give a vector sum of zero 
[ 241. This paper is concerned with two simple cases; 
(i) the two-photon absorption of counter-propagat- 
ing photons of equal frequency, and (ii) the four- 
photon absorption of two pairs of counter-propa- 
gating photons. In both cases it is shown that the use 
of circularly polarised light produces a feature which 
characterises icosahedral symmetry. 
2. Two-photon absorption 
We begin by reviewing the irreducible tensor cal- 
culus for the simpler case of two-photon absorption, 
The rate of absorption, obtained by means of the 
standard methods of quantum electrodynamics [ 25 1, 
can be expressed in the form 
T=& Jelie,~,]2 . (1) 
Here el and e2 are the polarisation vectors of the two 
absorbed photons, T is the two-photon molecular re- 
sponse tensor for the transition, and there is implied 
summation over the repeated indices i, j= (x, y, z). 
The symmetry analysis of the above expression is fa- 
cilitated by recasting both the “polarisation tensor” 
(et ia) and the molecular tensor in irreducible form. 
The decomposition of a general, reducible, sec- 
ond-rank Cartesian tensor S,, into irreducible parts 
takes the form [ 251 
S~j=S~“’ tS&” +SG’ * (2) 
Here, S&O) is a weight-0 tensor which transforms un- 
der the operations of the full rotation group as a sca- 
lar; S# ) is a weight-l tensor, which transforms as a 
pseudo-vector (i.e. its components have the same 
transformation properties as the rotations, R,, R,,, 
R,); and S,$2) is a weight-2 tensor which transforms 
as a second-rank, symmetric, traceless tensor (i.e. its 
components transform in the same way as xy, xz, yz, 
x2-y’ and 2z2-x2-)t2). 
Since index-symmetry properties dictate that the 
inner product of two irreducible tensors of the same 
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rank but different weight is zero, the cross-terms in 
eq. (1) vanish and we have 
r=K* I (e,iezl)(o)Tp 
+ Celie2j) “‘T1” + (e~i~~j)“‘T~” 12. (3) 
If a particular molecular transition is to be observed, 
it is necessary that one or more of the irreducible 
molecular tensors transforms under the same irre- 
ducible representation as the transition. In particu- 
lar, a symmetry-preserving two-photon transition in 
a cubic or icosahedral species (in which the product 
of the initial and final states is spanned by the A,, 
irreducible representation in Oh, or the Ag irredu- 
cible representation in I,,), will only be observed in 
the spectrum if the corresponding weight-0 contri- 
butions to the rate equation are non-zero. (In mol- 
ecules of any other symmetry, weight-2 contributions 
also transform under the totally symmetric repre- 
sentation, and therefore the absence of a weight-0 
term does not necessarily imply that the transition is 
forbidden. ) 
The explicit form of each irreducible tensor con- 
tribution is obtained through use of the relations 
Tf?) =1&T 
IJ 3 ,J kk > (4) 
rl”=~(&j--i), (5) 
T~2’=~(Tij+T,)-fsijTwc 7 (6) 
(elie2j)(“)=f4j(e, ‘e*) 7 (7) 
te*ie2j)(‘) =I[(eliezj)-(e,ezi)l, (8) 
(e*ie2j)‘2’=jt(e,ie2j)+(e~je2i>1-f~~(e~~e2)v 
(9) 
Since the molecular tensor is index-symmetric if the 
two absorbed photons are of the same frequency, 
Th’) vanishes and there is no weight-l contribution 
to the process. Clearly, the presence or absence of the 
weight-0 component depends on the value of the dot 
product (e,.e2). 
With counter-propagating plane polarised beams 
the value of the dot product (e, -a) is determined by 
the angle between the two polarisation vectors. In the 
particular case where both photons are derived from 
a single beam, the dot product must always.have the 
value of unity. Hence the rate equation for a sym- 
metry-preserving transition will always contain a 
weight-0 contribution arising from the absorption of 
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two photons from the same beam. Thus whilst the 
absorption of two counter-propagating photons will 
indeed produce a Doppler-free signal, the overall ab- 
sorption profile will be one in which this Doppler- 
free line is superimposed on a band which carries the 
usual Doppler broadening. Special features arise with 
circularly polarised radiation, however, and we 
therefore concentrate on this case below. 
When two counter-propagating circularly pola- 
rised laser beams are employed, (e, l e2) is zero if both 
photons are derived from the same beam, since 
ecLjR) = ( l/,/2) (i+ ij) , The absorption of two co- 
propagating photons therefore cannot induce a sym- 
metry-preserving transition in 0, or Ih molecules: 
hence there is no Doppler-broadened background for 
such transitions (see table 1). A physical explana- 
tion for this behaviour lies in the fact that any two 
co-propagating circularly polarised photons carry a 
net spin angular momentum of 2h, and thus can only 
be absorbed in two-photon transitions which result 
in the transfer of this angular momentum to the ab- 
sorber. Symmetry-preserving transitions (i.e. tran- 
sitions of weight-0 character) in molecules of cubic 
or icosahedral symmetry can, however, only occur if 
there is no net uptake of angular momentum, and 
thus can only be induced by the absorption of counter- 
propagating photons. For the case where the beams 
are circularly polarised with opposite hehcity, there 
is also no weight-0 contribution to (er *e2), from 
counter-propagating photons since a left-circularly 
polarised photon moving from left to right has the 
same polarisation vector as a right-circularly pola- 
rised photon moving from right to left, and vice versa. 
Hence symmetry-preserving transitions are in this 
case entirely forbidden. 
However with counter-propagating beams of the 
same handedness, a weight-0 contribution from 
(e, *e2) is observed when one photon is derived from 
each beam: thus whilst the absorption of two pho- 
tons from either beam, i.e. co-propagating photons, 
is a forbidden process, the absorption of counter- 
propagating photons is allowed. Hence under this 
particular experimental arrangement, a Doppler-free 
absorption band occurs in the two-photon spectrum 
without the normal Doppler-broadened background. 
This is the only experimental configuration whereby 
a totally symmetric transition in these point groups 
can produce a Doppler-free peak in the two-photon 
absorption spectrum: the effect thus characterises 
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Form of S,!O) and (c, .e2) for all possible cases of two-photon absorption with counter-propagating circularly polarised beamc cr and e2 
denote the polarisation vectors of the two absorbed photons, whilst e and e’ denote the polarisations of the two beams. A weight-0 
transition is only allowed when (et .ez) # 0 
counter-propagating beams of the same helicity 
two photons absorbed from the same beam 
one photon absorbed from each beam 
counter-propagating beams of opposite helicity 
two photons absorbed from the same beam 
one photon absorbed from each beam 
Form of Sp) (er’e2) 
(elre2j)(o) 0 
(e;,et )(‘I 0 
(el&j)” I 
(elieW)(0) 0 
(eX, )(O) 0 
(et&) (0) 0 
either cubic or icosahedral symmetry. A similar ef- 
fect is a well-known feature of Doppler-free atomic 
spectroscopy [ 241. 
3. Four-photon absorption 
Whilst there is no analogue to this behaviour in 
three-photon absorption, similar remarks can be 
made concerning the four-photon case. The rate of 
four-photon absorption can be expressed as 
r=& I eliezjesed,Tijk, I2 , (10) 
where el, ez, e3 and e4 are the polarisation vectors of 
the four absorbed photons, and Ttikl is the four-pho- 
ton molecular response tensor for the transition. The 
weight-0 contribution to the overall rate then arises 
from 
rCo’=K4) (elie2je3&4,)(o)T@ 1’) (11) 
where the explicit forms of the irreducible tensors 
are given by [ 26 ] 
T$Il =EiI’[ 11 1; I;][ ?f;] (12) 
and 
(ed2je3ke4r)(“) 
_[gtjp; 1; “][~;~;;~iiK;~;/]. 
(13) 
The presence, or absence, of a weight-0 contri- 
bution to the spectrum thus depends on a non-zero 
value for at least one of the terms in the right-hand 
bracket of eq. ( 13 ). The values of these terms for a 
number of combinations of beam polarisations are 
presented in table 2. As in the case of two-photon 
absorption, employing counter-propagating beams 
of opposite helicity produces no weight-0 contribu- 
tion. With two counter-propagating circularly pola- 
rised beams of the same handedness, the only allowed 
mechanism for a four-photon symmetry-preserving 
transition involves absorbing a pair of photons from 
each beam. Once again this results in each such tran- 
sition producing a Doppler-free line in the spectrum. 
However, in this case the effect is limited to icosa- 
hedral species: in molecules of any other symmetry, 
there are no cases where a weight-0 contribution 
arises without other weights being simultaneously 
represented [ 27 1. 
Our results show that in an experiment based on 
counter-propagating laser beams of identical fre- 
quency and circular polarisations, an entirely 
Doppler-free line in a four-photon absorption spec- 
trum should unambiguously signify icosahedral sym- 
metry. A note of caution needs to be sounded on two 
points, however. First, we note that in a particular 
molecule certain four-photon transitions may in- 
volve additional tensor contributions of weight 2 or 
4 which, although allowed, may be weak compared 
to the weight-0 contribution. This could produce a 
false positive result with the appearance of an es- 
sentially Doppler-free line which would normally 
characterise a pure weight-O transition. This prob- 
lem might be overcome by confirming that the line 
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Form of S$) and the three quantities A= (c,*r2)(rs*e,), B= (e1*e3)(e2*e4) and C= (el-eq) (eZ-es), for all possible cases of four-photon 
absorption with counter-propagating circularly polarised beams: e,, es. es and e., denote the polarisation vectors of the four absorbed 
photons, whilst c and e’ denote the polarisations of the two beams. A weight-0 transition is only allowed if A, B or C# 0 
Form of Sg] A B C 
counter-propagating beams of the same helicity 
four photons absorbed from one beam (ehe2je3ked@) 0 0 0 
(e~ie~je~&)‘o’ 0 0 0 
three photons absorbed from one beam te&je3k40(0) 0 0 0 
(~~,e&W4d'"' 0 0 0 
two photons absorbed from each beam (~h@2j4k4r)(") 0 1 1 
counter-propagating beams of opposite helicity 
any combination any 0 0 0 
disappears when a single circularly polarised laser 
beam is used for the excitation (since, as table 2 
shows, the weight-0 term for a symmetry-preserving 
transition then disappears). Secondly, the need to 
distinguish Doppler-free lines with and without 
Doppler-broadened background might prove exper- 
imentally difficult. However, we are confident that 
the considerable ingenuity of the spectroscopists in- 
volved in this field can be successfully brought to bear 
on the problem. 
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